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Abstract The aim of the paper is to show that every lattice with section antitone involutions,
i.e. a lattice having antitone involutions on its principal filters, is an M V-algebra if and only
if it is a BCC-algebra.
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By an MV-algebra is meant an algebra A = (A; @, —,0) of type (2, 1,0) satisfying the
following identities

MVD) x6(y®)=xDy) Pz

MV2) x®y=ydx

MV3) x0=x

MV4) ——x=x

MV5) x & —-0=-0

MV6) =(—x @ y)®y=—(-y®dx)Dx.

This concept was introduced by C.C. Chang [2] as an algebraic counterpart of many-
valued Lukasiewicz logic, and the definition in present form is taken from [3].

As known, to each MV-algebra A = (A; &, —, 0) can be assigned the bounded distribu-
tive lattice L(A) = (A; Vv, A, 0, 1) where
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XVy==(-x®y) Dy,
XAy ==(—xV-y),

1=-0

and whose induced order is defined by
P) x<y ifandonlyif —xdy=1.

We can generalize this concept as follows:
By a basic algebra we mean an algebra A = (A; @, —, 0) of type (2, 1, 0) fulfilling the
identities:

Bl) xd0=x

B2) ——x=x

B3) x&0=-0=-0dx

(B4) ~(x@y)@y="("ydx)®x

(BS) (@)D YD) D (xDz)=—0
B6) ~(—~(xDy)DY)Dy=xDy.

In the sequel, —0 will be denoted by 1. Clearly, =1 = 0.
Lemma 1 Every basic algebra satisfies the identities
0®x=x and —-x@®x=x@®—-x=1.
Proof When putting y =0 in (B4) we get by (B2), (B1) and (B3)
x=—x="(—xP0)P0=-(—00x)Bx="(1Px)Px=—1®x =0 x.

Further, - x®x=—-00x)®x=—(-1Ddx)Dx=—(xd1)Dd1=1.
Finally, (B2) yields 1 = =—x & —x = x @ —x. 0

Theorem 1 Let A= (A;®,—,0) be a basic algebra. Define a binary relation < on A
by (P). Then (A; <) is an ordered set such that O resp. 1 is its least resp. greatest element.

and —y @ x =1 thus

Proof Obviously, < is reflexive by Lemma 1. Assume x <yand y <x. Then -x @y =1

x=0Bx=-10x=—(-yPx)Px=—(—xPy)Dy=—10y=0py=y

proving that < is antisymmetric.
Suppose further that x <y and y < z. Then —x @& y =1, =y @& z = 1 and, applying (B5)
we derive

XD z=—1O(xP)=—("yD)D(xD)="-(-(-1BY) D) D (—x D7)
==(C(x@y)Py)B)B(—xB2) =1,

verifying x < z. Hence, < is an order on A. Since =0 @ x =1 and —x & 1 =1 by (B3), we
have 0 < x <1 for each x € A. O

Lemma 2 Let A= (A; @, —,0) be a basic algebra and < its induced order. Then
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(@) x <yifandonly if ~y <-—x
) x <yimpliesx®z<ydz
€ y<x®y.

Proof Suppose x < y. Then —x @ y = 1 and, by (BY),
(OB (XD =" (xDYDY)D)D(—x D) =1

thus =y @ z < —x @ z. This yields immediately —y < —x and, due to (B2), also the converse
holds. Hence, x < y implies also x @ z < y & z. For the last assertion, we have y =0 y <
xX®Dy. 0

Theorem 2 Let A= (A; &, —,0) be a basic algebra and < its induced order. Then (A; <)
is a bounded lattice where x Vy =—=(—x @ y) Dy and x Ay =—(—x V —y).

Proof Due to Lemma 2(c), =(—x @ y) ® y = —(—y @ x) @ x is a common upper bound of
x,y with respect to <. Assume x, y < z. By Lemma 2(a) and (b) we have

x@y=—z8y,
thus

(X BYBYy=S(z®Y)By="(yD2)Dz=0®z=2

showing that —=(—x @ y) @ y is the least upper bound of x, y,ie. x Vy=—(—x D y) D y.
As an immediate consequence of Lemma 2(a) we obtain x A y = —(—x V —y). ]

By a lattice with section antitone involutions is meant a system £ = (L; V, A (“)ger,
0,1) where (L; Vv, A,0,1) is a bounded lattice such that for each a € L it possesses an
antitone involution x — x“ on the section [a, 1], i.e. for x, y € [a, 1] it holds x** = x and
x<y=y*<x‘

Theorem 3 Let A= (A; ®,—,0) be a basic algebra and Vv, A defined as in Theorem 2.
For each a € A and x € [a, 1] define x* = —x @ a. Then L(A) = (A; V., A (“yer,0,1) isa
lattice with section antitone involutions.

Proof Due to Theorem 2 we need only to show that for each a € A the mapping x — x* =
—x @ a is an antitone involution on the interval ([a, 1]; <). Since x € [a, 1], we have a < x
and hence x““ = —~(—x@a)Pa=xVva=x.Ifx,y €[a, 1] and x < y then, by Lemma 2(a)
and (b) we conclude y* =—y®a <—x da =x". U

Moreover, we can prove also the converse:

Theorem 4 Let £ = (L;V, A (“)uer,0,1) be a lattice with section antitone involutions.
Define

x®y=0u"vy)Y and -x=x".

Then A(L) = (L; @, —,0) is a basic algebra. Moreover, L(A(L)) = L and for any basic
algebra A also A(L(A)) = A.
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Proof Let L = (L;V,A(*)aer,0,1) be a lattice with section antitone involutions. Then
@ is correctly defined since x° v y > y thus really x° Vv y € [y, 1]. We check the axioms
(B1)~(B6):

B x®0=(x"v0)°=x%=x;

(B2) ——x =x% =1x;

B3) xdl=Cx"vD'=1'"=land1®x=1"Vvx)*=0vx) =x'=1;

(B4) Since ~x @&y = (x" Vv y)Y = (x v y)’ > y, we have
“(x@y)@y=((xVvyVvy=xVvy¥=xVyand
—(—y®x)Px=yVi=xVy;

(B5) ~(=(~(x @Y BN BN B D) =—(=(xVY) D) B (x ®2) = (" VyVa)*V
(xOv Z)z)(xovz)z =((x"v Z)z)(xovz)Z =1;

B6) ~(~(x®N®NOy=—(xVv)By=&"Vyvy)=a"Vvy)=xy.

Hence A(L) = (L; @, —, 0) is a basic algebra. Let us denote by LI and 1 the operation join
and meet in the lattice £L(A(L)) derived by Theorem 2 and by f, (for a € L) the involution
in [a, 1]. Then we have for x € [a, 1]

@) =—x®a=x"va)=xva)=x".

Further, xUy =—(—x®y)Py=((xVy)Vy)  =@xVvy)=xVvyandxny=—(—xU
=) =(x"vy"?=x A y. Thus L(A(L)) = L.

Now let A= (A; @, —, 0) be a basic algebra. Denote by + and ~ the additive operation
and the negation in A(L(A)). Then ~ x = x® = —x by (B1) and, applying (B6)

xty=@"Vy) =V By =" ®y)By=xD).

Thus also A(L(A)) = A. O

We say that a basic algebra A = (A; @, —, 0) is commutative if it satisfies the identity

xPy=ydx.

Theorem 5 If the basic algebra A = (A; @, —, 0) is commutative then the induced lattice
L(A) is distributive.

Proof Let A= (A; &, —, 0) be acommutative basic algebra. We need to show that the lattice
L(A) does not contain a sublattice isomorphic to N5 or Mj as visualized in Fig. 1.

Fig. 1 q q
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Since the mapping x — x? = —x @ p is an antitone involution on the interval [p, 1],
also {g”,a?,b?,cP, 1 = pP} forms a sublattice isomorphic to Ns or M3. Finally, the map-
ping x — —x is an antitone involution on A thus {0 = —1, —a?, =b?, —c?, —~gP} is again a
sublattice isomorphic to N5 or M3.

In either case we have

al = lap _ (bp Vap)all — —pbP 69ap =qaP o) —bP = (_|ap v _|bp)—b/1 — (_|qp)—-bﬁ

. . —pP
and, when interchanging a and c, we get analogously c¢?” = (=g”)™"".
Hence a” = c?, i.e. a = a’? = ¢PP = ¢, a contradiction. O

The concept of BCC-algebra was introduced by Y. Komori [6] in connection with the
problem whether the class of BCK-algebras (see [4, 5]) forms a variety. The problem was
solved in negative. Recall that a BCC-algebra is an algebra A = (A; —, 1) of type (2, 0)
satisfying the axioms

BCC) x—=y) > (z—=x)>(z—>y)=1
(BCC2) x > x=1
(BCC3) x > 1=1
(BCC4) 1 > x=x

(BCC5) (x >y=1land y > x =1) implies x = y.

It is well-known that the binary relation < defined by
Q x<y ifandonlyif x—>y=1
is an order on A with a greatest element 1. Hence, the identity (BCC1) can be rewritten as
A x—=>y=s@—=>x)—>E@—=>)y).

The concept of BCK-algebra was introduced by Y. Imai and K. Iséki [4] as an algebra
A= (A;—,1) of type (2, 0) satisfying the identities

BCKl) x—>y)—>(y—>2)0—> x—>2)=1;
BCK2) x > (x—>y)—y)=1

and (BCC2)—(BCCY).

A BCK-algebra A is called

bounded if it has a least element with respect to the induced ordering;

commutative if it satisfies the identity (x - y) = y=(y — x) — x.
The following assertion is well known:

Proposition 1 Every BCK-algebra is a BCC-algebra. A BCC-algebra is a BCK-algebra if
and only if it satisfies the so-called Exchange Identity

ED x—>@—>20=y—> (x—2).
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Let A= (A; ®,—,0) be an MV-algebra. Define x — y = —x @ y. It was shown by
D. Mundici [7] that for each M V-algebra A, the algebra B(A) = (A; —, —0) is a commuta-
tive BCK-algebra and bounded commutative BCK-algebras are categorically equivalent to
MV-algebras.

The following result was published in [1]:

Proposition 2 Let £ = (L; V, A, (Daer, 0, 1) be a lattice with sectional antitone involu-
tions. The following are equivalent:

(1) A(L) is an MV-algebra
(2) L is distributive and for x — y = (x V y)” the Exchange Identity holds in (L; —, 1).

Our aim is to show that for basic algebras the strong identity (EI) can be replaced by an
essentially weaker identity (BCC1).

Given a basic algebra A = (A; @, —, 0), similarly as for MV-algebras define x — y =
—x @ y. It is an easy exercise to check the axioms (BCC2)—(BCCS5). Moreover, the order
defined by (Q) coincides with the induced order of A (defined by (P)). Hence, a basic algebra
A becomes a BCC-algebra if and only if it satisfies the identity (BCC1) which is equivalent
to (A). Moreover, basic algebras satisfy the double negation law (B2) thus (A) is equivalent
to

(A x®y<-EZ®—x)DEdY).

Theorem 6 A basic algebra is an MV-algebra if and only if it satisfies the identity (A*), i.e.
if it is a BCC-algebra.

Proof If A is an MV-algebra then it is known to be a basic algebra. Since .4 is commuta-
tive, the lattice £(A) is distributive by Theorem 5 and, due to Proposition 2, it satisfies the
Exchange Identity. Hence, by Proposition 1, it is a BCC-algebra.

Conversely, let A = (A; @, —, 0) be a basic algebra satisfying the identity (A) (or equiv-
alently (A*) or (BCCl))forx > y=—x D y.

Put y =01in (A*) and replace x by —x. We get

Xx=—x@0<-(zhx)Pz.
By Lemma 2(a) and (b) we obtain
XPz>~(~z®X) D) Bz=z®x)Vz>zDx.
Interchanging x and z one can show
1®x=2xDz,

thus A satisfies the identity x & z = z @ x, i.e. A is commutative and, by Theorem 5, £(A)
is distributive.
Since @ is commutative, (A*) is equivalent to

(A*)  —y@x=—-(-xD2)D(—yd2).
Replacing x by —x @ z in (A**), we get

VO XP) =~ xBNDBN)D(—yB) ==& VD (—yD2).

@ Springer



Int J Theor Phys (2008) 47: 261-267 267

Hence, for x, y € [z, 1] we have
YO(x®) = xD(~yD2).
Analogously interchanging x and y we obtain
XD (YD) =-yD(—xD2),
thus A satisfies for x, y € [z, 1] the equality
x> (2>)=x@CyD)="y®(x D)=y —> (x> 2).
Since a — b = (a v b) — b, the Exchange Identity (EI) holds in A if and only if A satisfies
Y= (—=)=y—>x—>2

for x,y € [z, 1] (see (B6)). Hence, we have shown that A satisfies also (EI) and, due to
Proposition 2 and Theorem 4, A is an M V-algebra. O
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